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SUMMARY 



The TOn K^rm^n eq.uations for flat plates are solved 
"beyond the huckling load up to edge strains eq.ual to' eight 
times the buckling strain, for the extreme case of rigid 
claap'ing along the edges parallel to the load. Reflections, 
hfandj-ng' stresses , and memhrahe stresses are given as a func- 
tion of end compressive load. The theoretical values of 
effective width are compared with the values derived for 
simple support along the edges parallel to the load. The 
Increase in effective, width' dud to rigid tila^pihg drops 
from about 20 percent near the "buckling strain to about ' 8 
.percent at an edge strain equal to eight titties the bilclcirng 
strain. Experimental values of effective width in ¥he 
elastic range reported in NAOA Technical Note Ho.' 684 ar6 " 
between the ■ t heoretical curves for the extremes' d"f simple 
support and rigid clamping, ' ■ • " 



IITTEODUCTIOH 



The stress distribution in rectangular plates which 
have buckled under compressive loads applied to the ends is 
important for estimating the load carried by the sheet in 
sheet-stringer construction* The compres.si.on flange of a 
monocoq.ue box beam, is an excellent example of such constriic- 
tio'n.^ After the sheet buckles, its effectiveness in support 
ing the load is reduced so that the "effective width" of 
sheet between stringers will be less than the stringer spac- 
ing by an amount which will depend on the dimensions of 'the 
sheet, the amount by which the buckling load has been ex—" 
ceeded, and the restraint provided by the stringers. 

Eor convenience, the analysis of a rectangular plate 
under end compressive loads with elastic restraint against 
rotation along the two unloaded edges may be separated Into 
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two problems: the determination -of the buckling load of 
the plate; and the determination of the effective width, 
deflections, and stress distribution for loads greater 
than the buckling load. • • 

Solutions for the buckling load have already been 
derived, by Lundquist and Stowell. (reference 1) and by Dunn 
(reference 2), Lundquist and Stowell obtained a solution 
by an energy method using a small correction term based on 
an exact solution. Dunn solved the second of von K^rm^n's 
equations for plates with large deflection on the assumption 
that the deflection along the direction of loading can be 
expressed as a single sine function. Dunn's assumption is 
valid for small deflections and the results' represent exact 
solutions of the' equations. - 

In order. to determine exactly the load after buckling, 
the large deflection theory of plates must be applied. Such 
a solution is known' only for a-square i)late having simply 
supported edges on all four sides. -(See roferonce 3.) 

Oox obtained an approximate solution for plates having 
the unloaded iedges clamped (reference 4). In this derivation. 
Cox approximated the transverse section of the buckled sur- 
face of the plate by a combination of a squared slne'func- 
tion and a -straight line and he' assumed that the strain is 
uniform along the whole length of a narrow element of the 
panel. In view of the questions -that may be raised concern- 
ing Coxis assumptions it was decided to derive an exact solu- 
tion of the problem for plates having the unloaded ed^s 
clamped and to compare' the ve&ult8"wrth Cox's approximate 
solution and with the uxperimental data that are available. 

SYMBOLS 

For an initially flat rectangular plate o^ uniform . 
"thickness (fig, 1)' the f ollowing .symbol-s. . may be "appHedi.. • 



•a 


.plate-, length .. . 


b" 1 


^ plate wldt-h 


h 


plate thickness 




- Tfouh^J s. .rapdulus 




Pblsson's ratio 
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Eh 

flexural rigidity — 

coordinate axes lying along the edges of the 
plate, X axis in direction of load 

edge hending moment per . unit length about t.hc 
X axis 

average compressive stres.s in x-direction 

avera.ge compressive strain in x-direction 

extreme .fiher stresses in directions of axes 

median fiber stresses in directions of axes 

extreme fiber bending stresses in directions 
of axes 

shearing stress 

normal displacement of points at the midthick- 
ness 

deflection coefficients 
stress function 
stress coefficients 

pressure replacing edge. moments , m^ 
coefficient in Fourier series for p(x,y) 

moment coefficient 

moment arm of substitute pressure^ p(3Ciy) 

subscripts 

strains 

critical value of p^ 
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•AlfAlYSIS 

Expressions for Sitresses and Strains 



The median stresses at the midthickness of the plate 
are related to the stress function- S" 



St, ^ 



Sy= 



9xSy 



/ (Heference 5) 



(1) 



the extreme-fiber bending stress""ea in the plate are related 
to the deflections by 



Eh 



^2 



2( i-|A® ) Vax 



3~w S w \ 



y ." 2( 1 



-H.^) V ay« J ' 



Eh 



~~2< i+n) 



and the extreme fiber bending stresses at the rigidly 
clamped edges of the plate (y=0, y=b) are related to the 
edge bending moment per unit length by 



h2 



tt - 



hs 



(y=0, y=b) 
(See reference 5) 



(3) 
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The strains at the nicLthickness of the plate are, from 
equat ion ( 1 ) » 

fl 

I 3(l+|j.) , _ sd+p.) ■ 5% 
•^xy - B xy - - ^^^^ 




Relation between Edge MoTnent and BauiTalent 

Normal Pressure 

The edge moments at the rigidly clamped edges Cy=0, 
ysfe) ''(fig, 2 (a)) can Tdo expressed in terms of a substitute 
pressure distribution near the edges of the plate as shown 
in figure SCh). When this pressure distribution is expressed 
by a Pourior series (see reference 6) and the value of the 
moment arm c approaches zero, the substitute pressure 
becomes ... 



p(^.y) = £ n ins^ ^ (5) 

She bonding moment por "unit length, m^, at tlxe re- 
strained edges (y=0, y=b), is as yet unknown. It may be 
respresented as a sine series with fundamental wave length 
2a because the plate in figure 2 may be regarded as .a portion 
of an infinitely long plate with alternating inward and out- 
ward buckles of length a. Let ; .. ..; 
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Combining eauation (6) and eq^\iation (5.) gives 



wh.er e 



Relation 'between Stress Function, Lateral 
Deflection, and Pressure Coefficients 

Because the edge moments have heen replaced by 

an auxiliary pressure function p(x,7), ©quafr-lon (7), the 
general solut^ron for the simply—supported rectangular plat-e 
(reference 3) may "be applied. This, solut ion- was derived in 
terras of Fourier's series, from von Karm^Ln'"a equations given 
on page 323 of reference 5, ' 



5x^by= by* iKbxbyJ dx^ oy^J 



Sw 5w 5wp h 

ox® dx^dy® • Sy*. D D 



In order to meet the conditions of symmetry, Fourier's 
series for the deflection must have the form 

> > ^m.n — ~ 

m=i ,a ,3 , • • • n~ 1 |3,5 ,•• • 



d F d w 



0 F 0 w 



a F 



,£)x^ Sy®^ Sy^ Sx® 



Sx^y ax5y. 
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a?he normal pressure is descr ited ' "by Fourier's series, 
equation (7), 5?he stress function is, according to 

r ef or ence 3 , 



J r-+ TSa.n cos— cos (11) 



and the displacement of the edges x=fO, x=a toward oach 
other isf " • . 



8a ni=i,a,3,... n=i,3,5,... 



where is the average compressive strain in the 

direction and p"^ is the average compressive stress in 
the redirection. 

The solution for large deflections has "been carried 
out (reference 3) for the extreme case of a sq.uare plate 
(or an infinitely long plate) with simply supported edges, 
using |j, = 0.316. In the present paper, the solution for 
large deflections is carried out for the other extreme 
case of the unloaded edges rigidly clamped, using a ratio 
of buckle width to huckle length of 1.5 and |j, = 0.316. 
Figures 3 and 6 of reference 1 show that a ratio of "buckle 
width to buckle length of 1,5 approaches the buckle spacing 
for an infinitely long plate having rigidly clamped edges. 

The general solution of reference 3 gives eqLuations 
for calculating the coefficients tj^ ^ in the siress func- 
tion P (equation (11)), in terms o^ the deflection coeffi 

cients w_ _ in equation (10), For the special case 

HI 1 11 

(b = 1.5a), these equa-t ions - reduce to the. form given in 
table 1. Equations for the first 26 stress coefficients 
^m,n given in tahle^ 1, . . _ 

The general solution of reference 3 also gives the 

family of equations relat.ing the pressure coefficients 
Pm,n (equation (8)), the deflection coefficients Wj^^ ^, 

and the average compressive' stress in' the "x-diroction "p^. 
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yor the. special case (b»l,5a and jj, s= 0,316), these equations 
can, with the aid of tahle 1, be reduced to the form given 
in table 2. Tor these equations, only the first 59 terms 
have been retained. The error introduced by limiting the 
solution in this way will be considered subsequently. 

As an example of the use of table 2, the first five 
t"erni3 of th-e first equation are 



0 =» - 



b*fci 
11*1 if 



+ 0.978 



- 0.228 



I! h" 



+ 0.5791 



(13) 



The values of the bendinc m on ent— coefficients k„ . 
arc (pjiven by the condition that th-e slope is aero at the 
edges of the plate (y=0, y=^'b) 

(M) r (t;) - 

y=0 y=^b 



Subst itut ing . equa^ ion (lO) into these equations gives 



00 



0 - 



> 



ai= 1,2,3... n= 1,3,5, . « . 



nn- . mrrx 



(14) 



This equation is equivalent to the family of equations 

0 = Wiji+3Wi,3+5Wi^5 + 7Wi,7+. , • 



0 = Ws J i+3w 3^ 3f5w3,5 + 7W3^7+ . . • 
0 = WS ,1 + 3wb ^ 3+5w5 ^5 + 7w5 ^ . » 



(15) 
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The equations in ta"ble 2 were solved for the linear- 
deflection— coefficient term in terms of the remaining terms 
and these values v/ere substituted in eq.uat ions ( 15 ) . The 
resulting equations, after terms are conhined, are given 
in tahle 3. 

As atL example of the use of tahle 3, the first few 
terms of the first eq.uation are 

h k, PxO wi,i 

0 = - 3.010 -T—r -0.233 — — g — 
-*Sh* Eh* . h 



TT 



— , 2 

p^h Wi 3 



The equations given in tahles 2 and 3 involve the 
known average compressive stress in the x-direotion '3x> 
the unknown deflection coefficients Wjn^^, and the unknown 

moment coefficients kj^, Jor any value of p*j. , there are 
a sufficient numher of equations in tahles 2 and 3 to deter- 
mine each of the unknown deflection coefficients and unknown 
moment coefficients. 

It will he noted that the equations in tables 2 and 3 
are cuhics and their solution therefore gives three values 
for each of the deflection coefficients Wj^ jj^. Some of thes 
values correspond to stable eq^uilibr ium , whereas the remain- 
ing values are either imaginary or correspond to unstable 
equilibrium. Fortunately, if the equations in tables 2 and 
3 are solved by a method of successive approximation, the 
successive approximations approach values corresponding to 
stable equilibrium. 

In the solution of the equations in tables 2 and 3, 
values of the pr incipal - deflect ion coefficient wi x/^ 
were first chosen. Successive approximations were then 
used to determine the values of "p^^b^/Eh^, the first 21 de- 
flection coefficients wj^^^/h, and the first 3 moment coeffi 
cients kju corresponding to the chosen values of Wi^i/h, 
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The- wo.rk. of computation .was reduced by starting with a 
good approximation to the unknown coefficients, which was 
olDtainefd- by extrapolation from the known coef f-icients for 
smaller values of w ,/h, Ofhe results for 14 values of 

w^^^/h, increasing by small increments from 0 to 3.00, are 
given in tables 4 and 5 and figure 3. 

The membrane stress- coefficients were computed from 
table 1 and table 4 and are given in table 6. Tho. membrane 
stresses for the corner of the plate, the midpoints of the 
edges, and the center of the plate were then computed from 
equations (l) and (11) and table 6 with the results given 
in tables 7 to 10 and figure 4. At the maximum computed 
load, the membrane stresses at the corner (O^' at xsO , y=0) 
and at the midpoint of the restrained edge (a^' at xsa/S, 

y=0) are more than twice the aver?.ge compressive stress p^ , 

v/hile thB membrane stress at the center of the loaded edge 
(Oyi at x=0, y=b/2) is less than half of p^^. 

The bendl-ng stresses were computed for the center, the 
corners of the plate, and the midpoint of. the loaded edge 
from equations (2) and (10) and txom- table 4 with the results 
given in tables 7, 8, 10 and figure 5. -The bonding stresses 
were computed for the midpoint of the restrained edge from 
eqtuations (3) and (6) and table 5 with the results given in. 
table 9 and figure 5, Equations (3) were used in this in- 
stance instead of equations (2) since equations (3) represent 
the limit value of equations (2) as the edge is appraached. 
At the maximum computed load, the transverse extreme-fiber 
bending stress at the midpoint of the restrained edge ( <7y. " 
at X = a/2, y=0) is more than 4 ti.mes the average compres- 
sive stress » while the axial- extreme fiber bending stress 
at the centieT of the plate (Ox" at x "= a/2, y = b/2) is about 
1-^ times the average compressive stress "Vx* 

Inasmuch as the shearing st-resses ait the' points con- 
sidered are zero, the principal' stresse.s in the extreme fibers 
are equal to the sums of the mombrane st-ros's.os and the extreme- 
fiber bending stresses. The values ar'i given In tables 7 to 
10 and in fig-urc 6. At the maximum computed load, .the largest 
e'xtreme-f ibor stress (Oy on the .inside of tho buck-lc ^at x = 
a/ 2 , 'y=0) becomes about 5 tiaofe as' gi^cat as the avGrago com- 
pressive stress Pjj. 

The deflection of the 'cont-ur of the plate was computod 
f rom^equation (10) and the' -r 4«\ilts are given" in table 10 and 
figure 3. 
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Che ratio of effective width to initial width (defined 
as the ratio of the actual load carried ty the plate to the 
load the plate would have carried if the stress had/been 
uniform and' eq^ual to the Young's modulus times t'he average 
■edge strain) was compulred from eauation (12) and t'ahle 4 
with the results gi'v^n 'in table 11 and figure "7. At'*the 
maximum computed load the' average edge strain ratio is 
48. 6'6- while the ratio of effective' width to initial width 
is 0.478. • In' figure 7 is also p-lotted the' ef f ective-^f idth 
curve for the simply supported plate (reference. 3) . It 
can be seen that the' difference in effective widths between 
the extreme cases of simply supported and rigidly -clamped- 
plates, is about 20 percent near the . buckling loads and 
decreases to .about 8 percent at the highest computed load's. 

Convergence of Solution 

The exactness of the solution increases with the number 
of terms in the equ&tions in' tables ' 2 and 3. In the present 
solution, the first 56 cubic terms' were retained in tables 
2 and 3. The effect of limiting the num'bei'.' of terms is 
brought out by the comparison in table 12 of solutions in 
which 1, 10, jand 56 cubic t.erms were retained. When only 
one cubic term was kept it was the cube of w, ,/h; when 

10 were kept, they were cubic products of vx,i/h, wi^s/h, 

and W3 i/h; and when 56 were kept they were cubic products 

of wi^i/h, wi,3/h, wi,s/h, W3,i/h, -wa.s/h and ws.i/h. 

It is evident from table 12 that the convergence is rapid for 
effective width. 



OOMPAEISOir WIIH H2SULTS PEETIOUSIY OBTAINED BY H. L. OOX 



The effective width for rigid clamping is compared in 
figure 8 with that obtained by Qox. (reference 4) on the 
assumption that the strain is uniform along the whole length 
of' a narrow element of the plate. It is evident that, oven 
though Cox has only roughly approximatod the actual deflec- 
tions and strains in the plate, his results are in excellent 
agreement with the "exact" results obtained in the present 
paper for edge strains less than 3 times the critical edge 
strain, For larger edge , strains , his results are low by as 
much as 6 percent. 
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OOMPAEIS.ON WI!PH- EXPBSIMENTAL EESUL3?S 



The relations, "between edge-strain ratios and experi- 
mental values of effective width foT a sheet-stringer panel 
of- 0»070 inch 24S-I1? alclad alumlmim alloy and a panel of 
0,025 inch 24 S-T . aluminum alloy (reference are shown in 
figure 9, It is evident that in the case of the alclad 
specimen, in which the stringers approximated simple- support, 

— ■v.S 

the agreement is excellent up to tj. ii_ = 8.2, corresponding 

h3 

to a strain at the edge of 0*0025, for which yielding due to 
the comljined bending and membrane stresses was probably tak- 
ing place in the aluminum coating. Jn the case of the alumi- 
num alloy specimen the observed effective width fell midway 
between that calculated f-or the extreme cases of simply - 

— ^3 

supported and rigidly clamped edges up tro ^ —5 = 26, corre- 

h 

spending (see tables 10 and 11 and fig. 6} to stresses at 

the midpoint of the restrained edge of about 27,000 pounds 

per sq.uaro inch. Beyond this point" the observed values t 

closely approach the curve £or simply supported . edges ; 

this rssult may be explained by a release of the bending 

stresses at the rostrainod edgo due to yielding of tho '' 

material* 



National Bureau of Standards 

Vashington, D. C. • May 20, 1942 
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TiBU 1.- ^^^og^oinfTs n tsbkb qt dduotioi 

[b/a =1.6) 

\2 = SBTW (2»f,i-^i,i *i,3-*'i,3 'x.5-*'l,5 ".1,7 

"*1,7 ''l,9-*'l,9 '1,U-^1.U •l,l3'^^*'l,l 
■^S,X '3.3-3^3,3 *3,5-^^l,l^S',l • • • J 

"0,4 = 35h (16.1,1 '1,3-^1,1 'l,r^l,3 '1.9 
-^1,7 'l,ll-"^l,9 "1,13-^1,11 '1.15 
*"^3,l'3,3-^^3,l-3,?-^^3,3V-> 

-.3^1.? '1,11-3^1,7 '1,13-3^1,9 '1.1s 

3,1 3,5 3,1 3,7 3,3 3,3 3,9 
*0,8 - {6^1,1 ^,7-«^i,i »i,9*6*ri^3 Wi^5-6*ri^3 w^^^ 

-^1,5 'l,13-^i,7'l,ir^^^3.1 '3,9 • ♦ ■ > 
*0,X0 = I7775 fl°*l,l 'l,9-l'^l,l 'lU-^^^-Ls -X,7 

-l°*l,3 'l.l3*^°'l",5"^l,5 '1,15^«^3,1 -3,9 
-^3.l'3,11^3.3'3.7-"^ 
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lABLS 1.- OontiDuod. 

^0,12 = -issi (1^1,1 '1,11-1^1,1 '1,13-^1^1,3 '1,9 

-l^»l,3'l,l?-l^l,5 '1,7-^1^3,1 '3,11 
"^'^3,1 '3,13*"9«'3.3 '3,9*1^^3.5 '3,7-5 
''2,0 - W3,i+I8wf ^3-36wi^3 *3,3+50.{,5 

■''*^i,5 '3,5^^l',7-^^^l,7 '3,7*"*l".9 

*a42»£^,,.33a-«^,3-4w3^^wy^^:..) " ^ 

"2,2 - ^ ''l,3+16*i,i »3,1-***'1,3 'l,r^l,3'3,l f 

-"^1.3 '3,5-^^^'l,5 '1,7-1^1.5 '3,3 ■ I 

-^1,5 '3,7^5^1,7 '1,9-^^1,7 '3,5 I 

^1,9 '1,11-^^,9 '3,7*^''S.U '1.13 I 

■*^3,l '5,1-^^3,1 '5,3- • -5 S 

If 

"2,4 = ife (-^1,1 »i,3*36»i,i '1,^*36.1,1 '3,3-^1,1 '3,5 , 

+100W w, _+100*, w - -4w » 
li3 1,7 1,3 3,1 1,3 3,7 



*196wi,5 '1,9-19^1,5 '3.1-3^1,5 '3.9 

+32*r, _ w, , -324w, „ w 4484<r w 

1,7 1,11 1,7 3,3 1,9 1,13 

-^1.9 '3,5*^^1.11 '1.15*19^3,1 '5,3-> 



r 



^2.6 - 3^0 'i,?-^*-!,! '1.7^1.1 '3.r^lA '3,7 \^ 

-^1,7 '3,1*^7^1,9 'l,ir^''^1.9 "3,3 

"2,8 - ^ t-3^1,1 *1,7*^°*3..1 ''l,9^"»'l,l '3.7 

-36»i,i "3,9-^1,3 *l,5+"^l,3 'l,U*^'^1.3 'i? 

l»3 3»11 

-^1,5 '3,13^1,7 '3,1^^1,7 "1.15 

\20 = A t-6^1,1 '1,9-^^^1,1 '1,11-^^1,1 '3,9 

• -6*'l,l '3.11-^^1,3 'l,7"'^^l,3 '1.13 
•^256«i,3 '3,7-^1,3 '3,13*^1,5 'lA? 

'3,5*^^1,7 *3,3-^l,9 '3,1 
-10M»1,U '3,1-1=9^1,13 '3,3-^*°°'l,l5 '3,5" 



°4,2 



•^4,4 



TABI* 1~ Oontirruad. 

= «k (-^^1,1 '1.11*^9^1,1 'i,i3*''^,i '3.n 

-KWl',! '3,13-3^1,3 '1,9*3^1.3 'l,!"? 
+32^1,3'3,9-^1,5 '1,7^^^1,5 *3,7 

^^^.7'3,5^°*l,9'3,3*"-^^.ll'3.1 
-144*fi^l3 W3,i-176*'i,i^3,3-) 

^ ^ <1^1,1 '3,1-^1.1 '5,l*^^'l,3 '3,3-^*^l,3^3 

■^1,5 '3,^7^1,7 '3,7 --^ 
= ^ <-^l,l'3,l-^36wi^l '3,3*36-1,1 "5,1-^1.1 '?,3 

*^«*1,3 '3,1*^^^1,3 '3,r^9^1,3 '5,1 

*3a*»i,5; '3,3*^*1,5 's.r^*^!,? '5,3 
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TABLE VALUES OP COEFFICIENTS IN DEFLECTION FUNCTION, EQUATION (10), 
FOR PLATE UNDER EDGE COMPRESSION WITH UNLOADED EDGES RIGIDLY CLAMPED 
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f.35 
l.OQ 
8.8I1 
10.16 
11.6ii. 
13»2l 
15.02 
1S.91 
18.95 
21.05 
25.25 



Eh? 



6.80 

7.55 
8.00 
8.8k 
10.16 
11.61). 
13.21 
15.02 
16.91 
18.93 
21.05 
25.25 



0.000 
.100 
.kOO 
.600 
.800 
1.000 
1.250 
1.500 
1.750 
2.000 
2.250 
2.500 
2.750 
5.000 



0.0000 

-.0138 
-.053k 

-!0966 
-.1130 
-.1251 
-.1308 
-.1272 
-.3160 
-.1002 

-.0791+ 
-.0525 

-.0211 



0.0000 
-.0035 
-.0145 
-.0225 
-.0308 

-.okoi 
-.0526 
-.0656- 
-.0.788 
-.0925 
-.1052 
-,1181 
-.1295 

-.ll+OO 



*1.7 



o.ooop 

-.OOlk 
-.0056 
-.0088 
-.0121 
-.0158 
-.0212 
-.0272 

-.0501 
-.059!). 

-.0693 
-.0801 



0.0000 

-.0007 
-.0027 

-.0058 
-.0075 
-.0100 
-.0127 
-.0156 
-.0192 
-.0229 
-.D27I 
-.0315 
-.0362 



•1,11 



0.0000 

-.ooolj. 
-.0015 
-.0023 

-.0032 
-.00k2 

-.0056 

-.0071 
-.0088 
-.0106 
-.0127 

-.oil+q 

-.0174 
-.0200 



h ■ 



0.0000 
-.0002 
-.0009 
-.OOII4. 
-.0020 
-.0026 
-'00}k 

-'.00^1. 
-.0065 
-.0077 
-.0091 
-.0106 
-.0123 



'1»15 



0,0000 
-.0001 

-.0006 
-.0009 
-.0013 
-.0017 

-.0022 
-•.0028 
-.0035 
- .OOI1.3 
-.0051 
-.0060 
-.0070 
-.0080 



h 



0.0000 
.0000 

.oook 

.0011 

.0023 

.001 



.0139 
.0206 
.0508 

.Olj-lO 

.0569 

.0766 

• lOi+l 



0.0000 
.0000 
.0000 
.0000 
.0000 
.0000 
.0000 
-.0001 
-.0005 

-.0008 

-.0012 
-.0022 

-.0036 
-.0059 



0.0000 
,0000 
.0000 
,0000 
.0000 
.0000 
.0000 
-.0001 
-.0002 
-.0001). 

-.0007 

-.0012 
-.0020 

-.0033 



3.11 



0.0000 
.0000 
.0000 
.0000 

..o,oop 

.0000 
.0000 
.0000 
-.0001 

-.0003 
-.oook 

-.0007 
-.0012 

-.0019 



0.0000 
.OOQO 
.0000 
.0000 
.0000 
.0000 
.0000 
.0000 
-.0001 
-.0002 

-.0003 
-.0005 
-.0008 

-.0012 



0.0000 
.0000 

.0000 
.0000 
.0000 

'.oboO 

.0000 
.0001 
.0001 
, .0002 
.0002 
.oook 
.0006 

.0009 



0.0000 
.0000 
.0000 
.0000 
.0000 
.0000 
.0000 
.0000 
.0000 
.0001 
.0002 

.0005 
.0009 
.0016 



0.0000 
.0000 
.0000 
.0000 
.0000 
.0000 
.0000 
.0000 
.0000 
-.0001 
-.0001 
-.0002 

-.0003 
-.0005 



h 



0.0000 

.0000 

,0000 
.0000 
,0000 
.0000 

: .0000 

.0000 
.0000 
.0000 
.0000 
.0000 
.0000 , 
-.0001 



0.0000 
.0000 
-.0001 
-.0002 

-.0003 
-.0005 
-.0003 
.0005 

.0020 

.0050 
.0106 
.0191 
.0527 

.0555 



h 



0.0000 
.0000 
.0000 
.0000 

, .0000 
.0000 
.0000 
.0000 
.0000 
.0000 
.0000 
.0000 
.0000 
.0000 



0.0000 
.0000 
.0000 
-.0001 
-*0002 
-.OOOlj. 
-.0010 

-.0018 
-.0030 

-.OOkB 
- .006k 

-.0088 

--.OlOl). 
-.0110 



0.0000 
.0000 
.OODO 
,0000 
,0000 
.0000 
.0000 
.0000 
.0000 
.0000 
.0000 
.0000 
.0000 
.0000 



2.6 
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TABLE 5.- VALUES OP COESfflCIElTirS IN 
MOMSNI rUHOTION, SQUATIOH (6), FOE 
PLATE UNDEE ED&E OOMPEESSION WITH 
UNLOADED ED&SS EIGIDLY CLAMPED 



[J = 1,5; n = 0.316 







b*k3 


b^ks 


Eh® 


TT*Eh * 


TT^Eh* 




6. 37 


0 


0 


0 


6. 38 


-,0474 


,0000 


.0000 


6. 80 


--.1937 


.0000 


.0000 


7. 33 


-.300 


,000 


.000 


8.00 


-.411 


-.001 


,000 


8. 84 


-.536 


-,002 


.000 


10. 16 


-,709 


-.005 


,000 


11, 64 


-. 903 


-.008 


. 000 


13. 31 


-1.118 


-.080 


.000 


15.02 


•^1. 358 


-.044 


,000 


16, 91 


-1, 620 


-.066 


,000 


18. 93 


-1. 908 


-.118 


-.001 


21,05 


-2,218 


-. 193 


-,003 


23. 25 


-2.546 


-. 311 


-,005 



TABLE 6.- VAL^ OF COEFFICIENIS IH SITRBSS PUHCTION, EQtJATIOlT (11), FOR FIATS 
USUBR SD6E COHPRBSSION VITK miLOADED EDGBS RiaiDLY CLAMFSP 



[l = 1.5! = o.JifiJ 



lip 

6.80 

8.00 
8.8k 
10.16 
H.6I4. 
13.21 
15.02 
I6.91 



21.05 
23.35 



0.00 

:^ 

1.25 
2.19 

3.58 
S.I6 

7.27 
9.67 
12. 31^ 
15.22 

21,75 
25.26 



l6tr^t)0,li. 



£h2 



0.00 
-.01 
-.05 
-.19 

■s 

-.52 
-.30 

:p 

1.51 
2.29 



36Tr bQ,6 



5b2 



0.00 
.00 
-.01 
-.02 
-.06 
-.03 
-.18 
-.28 

-.83 
-.93 
-.98 



2 

6tj.Tt bp, 8 



Bh2 



0.00 
.00 
.00 
.00 
.00 
-.02 
-.Ok 
-.07 
-.12 
-.19 
-.28 
-.39 
-.53 
-.70 



LOOit^bi 



'0 .10 



0.00 
.00 
.00 
.00 
.00 
.00 
-•01 
-.02 
-.02 
-.OJ^ 
-.07 
-.10 

-.17 
-.25 



12 



O.QO 
.00 
.00 
.00 
.00 
.00 
.00 

.66 

-.02 
-.02 
-.02 
-.03 
-.05 



0. 00 
.01 
.10 

.98 

1. ^8 

1.85 
2.39 

2. |6 
5.07 



0.00 
.00 
-.05 
-.09 
-.12 
-.18 
-.21 

-.21 
-.13 
.02 
.23 
.56 
1.05 



0,00 
.00 
-.02 
-.03 
-.07 
-.11 
-.20 

:ii 



-.76 
-.71 



0.00 
.00 
.00 
-.01 
-.01 

-.05 

-.OR 
-.10 



-.2 



6I^-TT^^2.8 



0.00 
.00 
.00 
.00 
.00 
.00 

-.01 

-.61 
-,03 

-.ok 
-.06 
-.15 



11 

6.80 

7.33, 
8.00 
8.8k 
10.16 
II.6I1. 
15.21 
15.02 
16,91 
18.95 
21.05 
23.25 



lOOii^b 



'2^10 



,12 



Eh*' 

T.'ob 
.00 
.00 
.00 
.00 
.00 
.00 
.00 
.00 

-.02 



Eh' 



-.0( 

-.12 

-.21 



0,00 
,00 
.00 
.00 
.00 
.00 
.00 
.00 
-.01 
-.01 
-.02 
-.02 
-.05 
-.10 



l6ff^bk.O 



Eh'^ 



0.00 
.00 
.00 
.00 
.00 
.01 
.01 
.02 
.05 
.07 
.11 
.19 
.26 
.1^ 



I6w\.2 



Eh 

0.00 
.00 
.00 
.00 
.00 
.00 
-.01 
-.01 
-.01 
.00 
.01 
.Olj. 

.09 
.19 



l6iA)i 



Eh 



0.00 
.00 
.00 
.00 
.00 
.00 
.00 
-.01 
-.01 

-.03 
-.07 

-.11 



56n\,6 
^tt- 

Eh 

0.00 

.00 

.00 

.00 

.00 

.00 

.00 

.00 

.00 
-.01 
-.05 

-.Ok 
-.09 
-.17 



Eh" 

0.00 
.00 
.00 
.00 
.00 
.00 
.00 
.00 
.00 
.00 
-.01 
-.01 
-.02 
-.01^ 



2 

36Tr 0 



36Aa 2 



Eh 



Eh? 



0.00 
.00 
.00 
.00 
.00 
.00 
.00 
.00 
.00 
,00 
.00 
.00 
.01 
.02 



0.00 
.00 
.00 
.00 
.00 
.00 
.00 
.00 
.00 
.00 
.00 
.00 
,00 

. .02 



Eh2 

0.00 
.00 
,00 
.00 

<.00 
.00 
.00 
.00 
.00 
.00 
,00 
.00 

-.01 

-.01 



56Tr^b6.6 

0.00 

.00 
■ .00 

.00 

.00 

.00 

.00 

.00 

.00 

.00 

,00 

.00 

.00 
-.01 
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TABLE 7.- STRESSES AT A CORNER OP PLATE (x = 0, y = 0) 



Shear s 



Membrane 
stresses 



bress '^'xy' Is 0 because of syamietry and shear stress T^y* is 0 

because of clamping at edge J 

I Extreme 
I be ndi ng 



fiber 
stresses I 




Extreme fiber stresses 



d?.b2 


b2 


(Sf b2 


_^ — ^ ^ — , 


. Eh^ 


Eh 2 

1 



0.00 
.02 
.16 

3l 



-14.10 
-17.31 
-20:99 



-29784- 
-3?. 11 
-40.94 

-47. 44 i 



- 1.60 

- 2.36 

- 3.46 

- 4.79 

- 6 .3^ 

- 8.26 
-10.76 
-1^.82 



5.37 
6.41 
7.21 
8.24 



-14.10 
-17.31 
-20.99 
-25.17 

-i9!«4" 
-35.11 
-40.94 
-47.44 



.02 
.16 

•ii. 



.97 
1.60 
2.56 



■ 8.26 
.10.76 
.13.82 



TABLE 8.- STRESiKS AT MIDPOINT OP LOADED EDOK (x=0, 7 ~ "Z ) 
l^hear stresses "T^y" and are 0 because of sjmmetry^ 



p^b^ 
Eh^ 



Membrane 
stresses 



R Extreme fiber i Extreme fiber stresses [ 
j bending stresses' outside of buckle ;. inside of buckle : 



Eh 



oi' b»i 
Eh^ 



Bh^ 




o^bS 
Eh** 



0.00 

- .02 

- .29 

- .72 
-1.1^ 

-2'63 

-4.54 
75.51 
-6.41 

-7.40 

-8.35 

-9.14 



■ Eh^ 



-6.37 

-6.1? 
-5.98 
-5.6- 



-4.65 
-4.05 
-3.21 

- .99 

- .31 
.28 



fag 
Eh=* 



0.00 

- .02 

- .29 

- .72 

12:63 
-3.0 

^5.51, 
^6.41 
-7.40 
-8.35 
-9.14 



> 
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TABLE 9.- STRESSES AT KIDPOINT OP RIOIDLY CLAJfiPED EDGES = |, y = 0) 

[shear stresses. and l^y" are 0 because j>f s-pes»tr^ 



Uembrane 
stresses 



Extrene 
bending 



fiber f 
stresses S 



Extreme fiber atress.es 
outside' of buckle I inside of buckle 



<b= 



Eh"^~" 



<5 b' 



(C b 



ay b' 
Eh* 



6.38 
6.80 

7.? 3 : 

8.00 



8.84, 
10.16 
11.64; 
13.21' 
15.02 



- 6.37 

- 6.41 

-10.03 



0.00 
.02 
.16 




-12.01 
-15.04 ' 
-18.62 ■ 
-22.63 i 
-27.25 

-32.26 ! 

-37.70 j 

-43.41 1 

-49.34- i 



0.00 

4.41 

6.03 



.92 
1.60 
2.36 

3-33 
4.61 



6.14 
7.81 
10.05 
12.64 



t : 



- 7.85 
-10.35 
-13-16 
-16.14 

26.32 
29.81 
32.92 



0.00 
2.20 
9 .01 •- 
13.95 
19.07 



- 6.37 

- 7.11 
-10.16 
-12.91 
-16.06 



0.00 
•2.18 
• 8.85 
-13.63 
-13.46 



- 24.84 

- 32.74 

- 41.63 

- 51.0? 

- 61.11 

- 83.30 

- 94.32 

-104.18 



-19.86 
-25.39 
-31.78 
-33.77 

-4 6. 56 

-55:0?" 
-64.02 
-73.22 
-82.26 



-is -52 
-31.14 

-39.27 
-47.74 

-56.50 
^5". 13 
-75.4§ 
-34.27 
-91.54 



6.37 
5.71 
4.46 
4.09 
4.00 

4.69 
5.46 
6,49 
7.94 



1 -34.27 i 



-11.38 
-i3;6o 

-16.42 



0.00 
2.22 
9.17 
14.27 
19.68 
2$ 176 
34.3* 
43.99 
54.40 
65.72 



78.41 
91.11 
104.37 
116.82 



TABLE 10.- STRESSES AKH DEFLECTIOK AT CEKTER OF PLATE ( X = f , 5^= ^ )_ 
[shear stresses l^y* and liy" = 0 from sjimnetryj 



Uembrane 
stresses 





Eh* •- Bh^ 


6.37 

6,38! 
6.80 
7.33 
8.00 


-6.37 0.00 
-6.33 .02 
-6.15 .29 
-5.84 .72 
-5.51 : 1.15 


8.84 
10.16 
11.64 
13.21 
15.02 


-5.61 1.73 : 
-4.58 2.54 
-4.01 ■ 3.44 
-3.45 *.-32.,. .. 
-2.97 5.?^ 


16.91 
18.93' 
21.05 
23.25 


-2.50 6*23 !■ 
-2.07 7.13 ' 

.-1.79 8.10 
-1.42 8.93 



1 Extreme 

' bending 



fiber 
stresses 



Extreme fiber stresses 
outside of buckle f inside of buckle 



Eh» 



0.00 
1.66 
6.58 
9.70 
12.64 



^^^^ 
18.51 

21.47 

24.16 

26i53^ 

■29.11 

31.29 

35.35 



0.00 
1.36 

5.40 

7.86 
10.06 
12.04 
14.06 
15.88 

17.31 
18.52 

19.^ 
20.94 
22.25 
23.3^ 



- 6.37 

- 4.67 

3)8^ 

13.93 

17.46 ■ 
20.71 
,23.54. 
26.61 
29.22 
31.72 
33^93 



0.00 

1.38 
5.59 
8.58 
11.21 

16.60 
19.32 
21.63 
l" 23.35 
■ 26To8' 
23.07 
30.35' 
32.27 



Eh*- 



center 



6.37 
- 7.99 
-12.73 
-15.54 
-18.11. 



-20.39 

-23.09 
-25.43 
-27 -.61 
-29.43 ■ 

-33.36 
-35.30 
- 36-77 . 



0.0000 

.1113 

.4425 
.6601 
.3722 

^0 
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TABLE 11.- AVIRAGE COMPEESSIVE 2ISPLACEMEKT PER 
UNIT LBKG-TH IIT THE i-DlEECT I OS AND COHRESPOiTD- 
INO ES-FEGTIVE WIDTH PGR PLATE UNDER EDaE COM- 
PEESSIOM VITH UHLOADBD SD&ES RIGIDLY CLAMPED 



[b/a = 1,5; it = 0,316] 







"ni ^ ^ ^\ ^ w T* 
i&X X6Culv6 WlCLT/H 


Eh 


h 




o t O r 


6 ■ 37 


1, 000 


6. SB 


6.41 


. 996 


6,80 


7.25 


.938 


7.33 


8,35 


,878 


8,00 


9.81 


, 816 


8. 84 


11. 66 


.758 


10,16 


14.55 


,698 


11. 64 


17.95 


. 648 


13,31 


21,79 


, 606 


15.03 


26,22 


.573 


16.91 


31.08 


.544 


18,93 


36.44 


, 520 


31.05 


4-3^-29 


,498 


23,35 


48, 66 


,478 



TABLE 12,- 0ONVERG-E3ICE OP SOLUTION FOR EPPE0TI7S WIDTH 
OP PLATE UNDER EDffE COMPRESSION WITH UNLOADED EDGES 
RIGIDLY CLAMPED (b/a =1.5; in. = 0.316) AS THE NUM- 
BER OP CUBIC TERMS USED IN THE Ei^UATIONS OP TABLES 
2 AND 3 AES INCHEASBD PROM 1 TO 56 



Edge 
st rain 


Effective vidth 


Effective width 


Effective width 


ratio 


Initial width 


Initial width 


Initial width 


^.^^ 


(1 cTi term) 


(10 cu terms) 






(56 cu terms) 


6,37 


1.000 


1.000 


1,000 


11.66 


.730 


.761 


.758 


36. 22 


,544 


.568 


.573 


48.66 


,477 


,470 


.478 
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Fig*. 1.8,3 




Flgture 1.- Raotangulax plate subjeoted to oou.- 

pzessive load in plane of plate. Load- 
ed ed^es elnply supportsdj other two edges rigid- 
ly olasped egalnst xotatlon. 



ngure 8.> Pxeaauxe' dietrlbution xeplaolng 
rigid olanptng at edgei. 



{Mcasuf-e. w/>A '/so") 




GTcf-comfy-ession ratio, Sti- 

{a)wi,i/h (b>»oenter/h (o) *3,i/h (d) wa.S/li (e) wi.s/H {*) wi.7/Jl (B)ifl.8/ll 

rieurs 3.- Values of deflection coeffiolents in equation (10) as a function of tbe arerage eoo^ 
presslTe atrssB p^^ on tix loaded edges for a plate under edge ooopression faaviag tlie . 
unloaded edges rigidly olanped. Cb/a 1.5, v- ' 0.316) 
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Encf-Goapreasion ratio, g^^^ 
(»• jd'ybS/Biaw (ifl<P»b3/Bia{e) (dyj'yua/Dlap) (dP)(j',hS/B>W^ 

ilauzB 4,- JInibraiM itxaaa latlo* for tb« oonwr of the 
plat* (A U ic - 0, r - Oy, foi the ■Idpolnti 
of tlia fAftm (D at X - a/a. ^ ' 0 wd c at x - 0, y - 
b/a}, ai for tha oentOT of the lAat* (D at x - »/a, 
r a b/a kgilnat tlie ad-aaBprHil,oii latlc, ffiVi/lJis. 



nemra 5.- Extr<»-flbez teBdlcs rtraaiaa foT th* oar- 

MV -of tue plate (A at x - 0, r > 0), for 
tbo aUpolJita of tha adgaa (0 at x « 0, r ' ajad B 
at X - i/a, r - 0), nd for tbo oaot«r of the plate 
(D at X - i3i„T . ■ '- * ' ' •'- 



lDsld« Of Duoiaa 

(]) isa^nafi at A 

(f ) tjt^fVfi at A 

(k) ajifi/tifi at B 

{1) (Syt^/lofi at B 

(d) ajtfi/U? at 0 

(e) tfyHS/B^ at G 
(b) t^fsfi at D 
(o) rfybS/lha 0 



End'comfiressron rath, ^-y 
OateUe of ' 



(1) <*iW 
(f) tfybS/na at A 

(b) iSJi/i/Vfi at B 
(a] dfba/IhS at B 
(d) <t,tl)B/n» at 0 

(a) <S^l9f at ff 
(1) 1^/03 at D 

(b) «jb3/Bt3 M B 



>■ b/S; ■gU.nat fba eidH>«miina«lon 



nguxB S,« Bcwaaa-Ilbar atrMiM. 
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1.0 



% 
•ft 

i 



.5 



.4- 



.a 























1 

\ 

— i 


\ 

\ 












• 












(Rigi 


b/a.'/.5 
'dfy clamp 


ed a 










\ 


\ — 
pi 






















\ 


- 




















































— (Si 
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jes, 
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to so 30 ^40 

Edge-strain rafio, -^jjr 



ngura 7— Ratio of stfootlT* nidtb «0 Initial xldth for 

plitai barinc tba UBloadad •daea risldlr elwvad 
(1)/a ■ l.S) and for plataa tlBply^aupportad (b/a ■ 1)« 
Poiison'a ratio • 0.316. 



SO 



nsora 8.- XffaottTt'.aldth ooaparlaoa of preiaat aolutloa 

altb oox*a approxlaato aoXgtloa for unloaded 
adg'a rigidly olaaped. tor " 6.371i?/1sa 



I.Q 



'.6 




.(Rigidly clamped edge, 
present pcpa^ 



(Simply- supported edge-' 
reference 3) 



Observed (reference 81 - 



t, ^oedmen S — .025 inch pidte. 
o " / - .Q7 " '! , , alclqd 



l5 20 30 ^-40 

EdgB-strain ratio, -"j^ 
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Edge-strain ratio, -f 



rixura 9.- OoKpazlaon with azBarlaantal raaulta sItQA la 
Kafarsnoa 8. (T^ ■ avaraga atrlngar atraln.) 



SO 



